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6WDWLFVWUHVVDQDO\VLVZDVGRQHWRLGHQWLI\WKHVWUHVVHVLQWKHFULWLFDOUHJLRQRIWKHFRPSUHVVRUEODGH$QDO\VLVLVGRQH
WRILQG WKHVWUHVV LQWHQVLW\ IDFWRUVDQG WKHLUPRGHVDORQJ WKHFUDFNIURQW$EHQFKPDUNSUREOHPZKRVHVROXWLRQ LV
DYDLODEOHLQOLWHUDWXUHKDVEHHQVROYHGLQRUGHUWRYDOLGDWHWKHREWDLQHGUHVXOWVRIVWUHVVLQWHQVLW\IDFWRUVROXWLRQ
6WDWLF6WUHVVDQDO\VLVZDVFDUULHGRXW WRDVFHUWDLQ WKHFULWLFDO UHJLRQRIEODGHURWDWLQJZLWKD URWDWLRQDOYHORFLW\RI
5307KHFULWLFDOUHJLRQRUWKH FUDFN]RQHLVUHJLRQLQZKLFKPD[LPXP(TXLYDOHQWYRQPLVHVVWUHVVRFFXUV
7KLVPD[LPXPVWUHVVLV03DDVVKRZQLQWKHILJXUH
)LJ9RQPLVHVVWUHVVFRQWRXUSORW
0D[LPXPYRQPLVHV VWUHVVFRQWRXUVDUH VKRZQ LQ WKH ILJXUH WKHPD[LPXP YRQPLVHV VWUHVVDUH03D
7KHORFDWLRQRI0D[LPXPYRQPLVHVVWUHVVVKRZVWKHILOOHWUHJLRQDWWKHLQWHUVHFWLRQRIEODGHDQGURRWLVVXEMHFWHG
WRWHQVLOHVWUHVVHV6LPLODUO\WKHVWDWLFDQDO\VLVZDVFDUULHGRXWIRUWKHEODGHURWDWLQJDW530DQG 530
ZKRVHUHVXOWVVKRZHGWKHPD[LPXPVWUHVVRI03DDQG03DUHVSHFWLYHO\DWWKHVDPHFULWLFDOUHJLRQDV
VKRZQLQWKHILJXUH
6WUHVV,QWHQVLW\)DFWRU6ROXWLRQ
6WUHVV LQWHQVLW\ IDFWRU VROXWLRQ IRU D WKUHH GLPHQVLRQDO FUDFN KDV EHHQ FRPSXWHG E\ QXPHULFDO PHWKRG DQG LWV
VROXWLRQ DUH SUHVHQWHG LQ WKH VHFWLRQ QXPHULFDO UHVXOWV&UDFN SURSDJDWLRQ DQDO\VLV ZDV GRQH IRU OHQJWKV RI 
PPFUDFNRULHQWDWLRQZDVFRQVLGHUHGSHUSHQGLFXODUWRWKHSODQHRI
PD[LPXPVWUHVVGLUHFWLRQ6WUHVVLQWHQVLW\IDFWRUVROXWLRQ
)LJ9DULDWLRQRI.,.,,.,,, DORQJWKHFUDFNIURQWIRUE PPDQGD PP
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6LQFH OLQHDU HODVWLF IUDFWXUHPHFKDQLF SULQFLSOHV DUH QRW DSSOLFDEOH WR VXUIDFH LQWHUFHSWLRQ SRLQWV VWUHVV LQWHQVLW\
IDFWRUDWWKRVHSRLQWVLVWREHQHJOHFWHGDQGWKHSUHFHGLQJSRLQWVFDQEHFRQVLGHUHG)URPILJXUHLWLVVHHQWKDW
VXUIDFH LQWHUFHSWLRQ SRLQWV DUH VXEMHFWHG WRPRGH , LH. LVPD[LPXP DW WKH VXUIDFH LQWHUFHSWLRQ$W WKH FUDFN
GHSWKLVVXEMHFWHGWRPL[HG0RGH,DQG0RGH,,LH., DQG.,, DUHPD[LPXPDWSRLQW$9DOXHRI., GHSHQGVXSRQ
WKHGLUHFWLRQRIWKHFHQWULIXJDOORDGDSSOLHG7KHFKDQJHLQYDOXHRI.,, LVEHFDXVHRIFKDQJHLQWKHGLUHFWLRQLQSODQH
VOLGLQJIRUDQDSSOLHGORDG7KHPRGH,VWUHVVLQWHQVLW\IDFWRUDWWKHORFDWLRQRIWKHFUDFNLVVKRZQLQILJXUHD
DQGEIRUGLIIHUHQWFUDFNOHQJWKV7KHPD[LPXP6,)LV03D¥PDWWKHVXUIDFHLQWHUFHSWLRQSRLQWV
)LJ D 6WUHVVLQWHQVLW\ IDFWRU., IRUE PPDQGD PP )LJE6WUHVVLQWHQVLW\IDFWRU., IRUE PPDQGD PP
)LJXUH  VKRZV YDULDWLRQ RI PRGH ,0RGH ,, DQG0RGH ,,, VWUHVV LQWHQVLW\ IDFWRUV DORQJ WKH FUDFN IURQW ,W LV
REVHUYHGWKDWPRGH,VWUHVVLQWHQVLW\DWWKHVXUIDFHFUDFNLQWHUFHSWLRQSRLQWVKDVLQFUHDVHGWR0SD¥PDQG
0SD¥PDVFRPSDUHGWRWKHSUHYLRXVFDVHRIFUDFNGHSWKRIPP$WWKHFUDFNGHSWKPRGH,VWUHVVLQWHQVLW\IDFWRU
KDV GHFUHDVHG WR 0SD¥P IURP 0SD¥P IRU D FUDFN GHSWK RI PP 6XUIDFH LQWHUFHSWLRQ SRLQW LV
VXEMHFWHGWR., ZKLOHWKHFUDFNGHSWKLVVXEMHFWHGWR., DQG.,,
)LJ9DULDWLRQRI.,.,, DQG.,,, DORQJWKHFUDFNIURQWIRUE PPDQGD PP
)LJXUHE VKRZVWKHPRGH,VWUHVVLQWHQVLW\IDFWRUDWWKHORFDWLRQRIWKHFUDFNWKHPD[LPXP6,)LV03D¥P
DWWKHVXUIDFHLQWHUFHSWLRQSRLQWVIRUE PPDQGD PP
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%HQFKPDUNSUREOHP
,QRUGHUWRYDOLGDWHWKHREWDLQHGVWUHVVLQWHQVLW\IDFWRUVROXWLRQDEHQFKPDUNSUREOHPZKRVHVROXWLRQLVDYDLODEOHLQ
OLWHUDWXUHKDVEHHQVROYHGE\XVLQJIUDFWXUHPRGXOHLQDQV\V7KHEHQFKPDUNSUREOHPFRQVLVWVRID UHFWDQJXODU EDU
KDYLQJDVHPLHOOLSWLFDO FUDFNVXEMHFWHGWRWHQVLRQORDGLQJ7KHFUDFNLVGHILQHGE\LWVFUDFNOHQJWKDQGFUDFNGHSWK
$UHFWDQJXODUIODWSODWHKDYLQJDEUHDGWKRIPPZLGWKRIPPDQGKHLJKWRIPPZDVFRQVLGHUHGIRU
DQDO\VLV$QDO\VLVZDVGRQHXVLQJWKHIUDFWXUHPRGXOHLQDQV\VZRUNEHQFKIRUWKHFDVHRIFUDFNOHQJWKD PPDQG
FUDFN GHSWK F    PP 7KH EDU ZDV VXEMHFWHG WR D SUHVVXUH RI  03D RQ RQH VLGH ZKLOH DW WKH RWKHU VLGH
GLVSODFHPHQWVZHUH FRQVWUDLQHG)LQHPHVKZDV XVHG QHDU WKH FUDFN UHJLRQ WRREWDLQ WKH DFFXUDWH VWUHVV LQWHQVLW\
IDFWRUVROXWLRQ$VVHPEO\RIWKHSODWHFRQWDLQLQJWKHFUDFNLVVKRZQLQWKHILJX
)LJ D 5HFWDQJXODU EDUFRQWDLQLQJFUDFN E9RQPLVHVVWUHVVDWWKHFUDFNWLS
9RQ ± PLVHVVWUHVVFRQWRXUDQGFUDFNRSHQLQJGXHWRWKHDSSOLHGORDGLVVKRZQLQILJXUHE)RUWKHEHQFKPDUN
SUREOHPFUDFNGHSWKRUVHPLPDMRUD[LVLVGHQRWHGE\µD¶DQGVHPLPLQRUD[LVLVGHQRWHGE\ ³F´ 1XPHULFDOVWUHVV
LQWHQVLW\ IDFWRU VROXWLRQ IRU WKH EHQFKPDUN SUREOHP LV VKRZQ LQ WKH JUDSK REWDLQHG LQ ILJXUH D IRU VWUHVV
LQWHQVLW\IDFWRUYVFUDFNIURQWSRVLWLRQ 7KHVWUHVVLQWHQVLW\IDFWRUVROXWLRQIRUWKLVSUREOHPLVJLYHQE\09RUHODQG
(/HLGLFKDVVKRZQLQILJXUHD
)LJD 6WUHVVLQWHQVLW\IDFWRU., IURPOLWHUDWXUH E6WUHVV,QWHQVLW\)DFWRU., VROXWLRQDORQJWKHFUDFNIURQW
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6WUHVVLQWHQVLW\IDFWRUREWDLQHGE\IUDFWXUHPRGXOHLQ$16<6ZRUNEHQFK LVVKRZQLQILJXUHE ,WFDQEHVHHQ
E\ WKH ILJXUH  WKDW WKH UHVXOWV REWDLQHG E\ VROYLQJ WKH OLWHUDWXUH SUREOHP FORVHO\ PDWFKHV ZLWK WKH DQDO\WLFDO
VROXWLRQ
)DWLJXH&UDFN*URZWK
3DULV(UGRJDQIDWLJXHFUDFNJURZWKPRGHO LVXVHGIRU IDWLJXH OLIHHVWLPDWLRQ7KHFUDFNJURZWKUDWHRI WKHVHPL ±
HOOLSWLFDOFUDFNZDVGHWHUPLQHGXVLQJWKHVWUHVVLQWHQVLW\IDFWRUVROXWLRQVXVLQJWKH3DULVHTXDWLRQ(PSLULFDOIDWLJXH
FUDFNJURZWKHTXDWLRQVDUHSUHVHQWHGE\3DULVODZLQHTXDWLRQ$SSOLHVWRUHJLRQ,,
 P.&
G1
GD ' 
:KHUH ¨. .PD[ ± .PLQ
G1
GD
 &UDFNJURZWKSHUF\FOH
& DQGPDUHPDWHULDO FRQVWDQWV WKDW DUHGHWHUPLQHG H[SHULPHQWDOO\
G1
GD LV LQVHQVLWLYH WR5 LQ UHJLRQ ,,P UDQJHV
IURPWRIRUYDULRXVPDWHULDOV
)LJ7\SLFDOIDWLJXHFUDFNJURZWKEHKDYLRULQPHWDOV
7KHFUDFNJURZWKUDWHZDVGHWHUPLQHGIRUGLIIHUHQWORDGLQJFRQGLWLRQVIRUFRPSUHVVRUEODGHURWDWLQJDWUSP
 USP DQG  USP GHSHQGLQJ XSRQ WKH VWUHVV LQWHQVLW\ IDFWRU WKH UHVXOWLQJ JURZWK UDWHV ZHUH XVHG IRU
FRPSDULVRQ7KHFUDFNJURZWKUDWH IRUWKHFDVHRIFRPSUHVVRUEODGHURWDWLQJDWUSPRIFUDFNGHSWKD 
PPDQGFUDFNOHQJWKE PPLVFDOFXODWHGDVIROORZV)RUDFUDFNOHQJWKJURZWKUDWHVWUHVVLQWHQVLW\IDFWRUDWWKH
VXUIDFH FUDFN LQWHUFHSWLRQSRLQW LV WREH NQRZQ6LQFH VLQJXODULW\GRHV QRW H[LVW DW WKH FUDFN VXUIDFH LQWHUFHSWLRQ
SRLQWWKHVWUHVVLQWHQVLW\IDFWRUFDQEHDSSUR[LPDWHGE\LWVYDOXHDWWKHSUHFHGLQJQRGHV
7KHUHIRUH.E  03D¥PDQG.&  03D¥PIURPWDEOH
)RUWKHFUDFNOHQJWKJURZWKUDWHWKHVWUHVV LQWHQVLW\IDFWRUDWWKHFUDFNVXUIDFHLQWHUFHSWLRQSRLQWLVDGGHG
LH ¨.,  .% .&  03D¥P
 P.HT&
G1
GD '  [   [ PF\FOH
)DWLJXH JURZWK UDWH RI FUDFN OHQJWK DV D IXQFWLRQ RI FUDFN GHSWK LV VKRZQ LQ ILJXUH  )URP ILJXUH  LW ZDV
REVHUYHGWKDWIDWLJXHFUDFNOHQJWKJURZWKUDWHYDULHVIURPWKHYDOXH[  PF\FOHWR[ PF\FOHIRU
FUDFNOHQJWKWRPPDQGFUDFNGHSWKPPWRPPUHVSHFWLYHO\ 6LPLODUO\WKHFUDFNJURZWKUDWHDQDO\VLV
ZDV FDUULHG RXW IRU D ORDGLQJ FRQGLWLRQ RI  USP )LJXUH  VKRZV D SORW RI IDWLJXH FUDFN JURZWK UDWH DV D
IXQFWLRQRIUDQJHRIVWUHVVLQWHQVLW\IDFWRUIRUYDULRXVYDOXHVRIFUDFNOHQJWKDQGGHSWKDQGIRUWKHFRPSUHVVRUEODGH
URWDWLQJ XQGHU GLIIHUHQW URWDWLRQDO YHORFLW\:LWK WKH LQFUHDVH LQ FUDFN OHQJWK DQG GHSWK VWUHVV LQWHQVLW\ IDFWRU DW
VXUIDFHFUDFNLQWHUFHSWLRQSRLQWLQFUHDVHV
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7DEOH )DWLJXHFUDFNJURZWKUDWHIRUGLIIHUHQWFUDFNOHQJWKVDQGFUDFNGHSWKV
&UDFNOHQJWK

D
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.F
0SDPA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0SDPA
)DWLJXHFUDFNJURZWKUDWH
GDG1PF\FOH
    (
    (
    (
    (
    (
    (
    (
7KH VWUHVV LQWHQVLW\ IDFWRU YDOXHVZHUH XVHG DV DQ LQSXW GDWD LQWR WKH 3DULV(UGRJDQ HTXDWLRQ$V D UHVXOW RI WKLV
FDOFXODWLRQWKHIDWLJXHOLIHF\FOHVQHHGHGIRUWKHFUDFNWRJURZIURPLQLWLDOVL]HWRILQDOVL]HZDVHVWLPDWHG
)LJ )DWLJXHFUDFNJURZWKUDWHRIFUDFNOHQJWKDVDIXQFWLRQRIYDULRXVFUDFNGHSWKV
IRUDORDGLQJFRQGLWLRQRI530
7KHREWDLQHGUHVXOWVZHUHILQDOO\FRPSDUHG6LPLODUO\WKHFUDFNJURZWKUDWHDQDO\VLVZDVFDUULHGRXWIRUDORDGLQJ
FRQGLWLRQRIUSPDQGZDVSUHVHQWHGLQWDEOH
)LJ)DWLJXHFUDFNJURZWKUDWHRIFUDFNOHQJWKDVDIXQFWLRQRIYDULRXVFUDFNGHSWKV
XQGHUGLIIHUHQWORDGV
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7DEOH)DWLJXHFUDFNJURZWKUDWHIRUGLIIHUHQWFUDFNOHQJWKVDQGFUDFNGHSWKVDQGORDGV
&RQFOXVLRQ
%DVHG RQ WKH ILQLWH HOHPHQW DQDO\VLV DQG WKH DQDO\VLV GRQH ZLWK WKH KHOS RI IUDFWXUH PRGXOH WKH IROORZLQJ
FRQFOXVLRQV ZHUH GUDZQ 6WDWLF VWUHVV DQDO\VLV IRU WKH RSHUDWLQJ FRQGLWLRQV RI D[LDO IORZ FRPSUHVVRU EODGH ZDV
SHUIRUPHG&UDFN]RQH LQWKHFRPSUHVVRUEODGHZDVLGHQWLILHGRQWKHSUHVVXUHVLGHRIWKHEODGHQHDUWKHILOOHWUHJLRQ
RIEODGHDQGURRWRIWKHEODGH7KHPD[LPXP9RQ ± 0LVHVVWUHVVRI03DRFFXUUHGLQWKHUHJLRQIRUWKHEODGH
URWDWLQJDW D URWDWLRQDO YHORFLW\RI5307KHVDPH UHJLRQZDV LGHQWLILHGDVFULWLFDO IRUFUDFN IRU WKHEODGH
URWDWLQJDW530DQG530 )DWLJXHFUDFNJURZWKUDWHDW WKHFUDFNGHSWK LQFUHDVHZLWK WKH LQFUHDVH LQ
FUDFNOHQJWK)DWLJXHOLIHF\FOHVQHHGHGIRUWKHFUDFNWRSURSDJDWHIURPLQLWLDOVL]HWRILQDOVL]HZDVHVWLPDWHGXQGHU
GLIIHUHQWORDGLQJFRQGLWLRQV7KHWRWDOQXPEHURIF\FOHVUHTXLUHGIRUWKHFUDFNWRJURZIURPPPWRPPZDV
F\FOHVIRUWKHFRPSUHVVRUEODGHURWDWLQJDW530DQGF\FOHVIRUWKHFRPSUHVVRUEODGHURWDWLQJ
DW530DQGF\FOHVIRUWKHFRPSUHVVRUEODGHURWDWLQJDW530:KHQWKHURWDWLRQDOYHORFLW\
LV  DV KLJK DV 530 LW UHVXOWV LQ DFFHOHUDWHG FUDFN JURZWK DQG VPDOO FUDFN SURSDJDWLRQ F\FOHV:KHQ WKH
URWDWLRQDOYHORFLW\LV ORZLH530WKHFUDFNSURSDJDWLRQSURFHVVLVFRQVLGHUDEO\VPDOOHU
5HIHUHQFHV
$OL2$\KDQ ³0L[HGPRGH VWUHVV LQWHQVLW\ IDFWRU IRU GHIOHFWHG DQG LQFOLQHG VXUIDFH FUDFNV LQ ILQLWH WKLFNQHVV SODWHV´ (QJLQHHULQJ )UDFWXUH
0HFKDQLFV9ROXPH ,VVXHV±SS±0D\
&LQGLH*LXPPDUUD DQG +DUU\ 5 =RQNHU ³,PSURYLQJ WKH IDWLJXH UHVSRQVH RI DHURVSDFH VWUXFWXUDO MRLQWV´ ,&$)  3URFHHGLQJV +DPEXUJ
*HUPDQ\ 
'DYLG5R\ODQFH³,QWURGXFWLRQWRIUDFWXUHPHFKDQLFV´ 'HSDUWPHQWRI0DWHULDOV6FLHQFHDQG(QJLQHHULQJ0DVVDFKXVHWWV,QVWLWXWHRI7HFKQRORJ\
-XQH
()HUUHWWL³&UDFNSURSDJDWLRQPRGHOOLQJE\UHPHVKLQJXVLQJWKH&HOO0HWKRG´ &0(6&RPSXWHU0RGHOLQJLQ(QJLQHHULQJ	6FLHQFHV9RO
1RSS
++ =KDQJ /;/L ;0$Q *:0D ³1XPHULFDO DQDO\VLV RI ' FUDFN SURSDJDWLRQ SUREOHPV XVLQJ WKH QXPHULFDO PDQLIROG PHWKRG´
(QJLQHHULQJDQDO\VLVZLWKERXQGDU\HOHPHQWV9ROXPHSS
.:%DUORZ5&KDQGUD³)DWLJXHFUDFNSURSDJDWLRQVLPXODWLRQ LQDQDLUFUDIWHQJLQH IDQEODGHDWWDFKPHQW´ ,QWHUQDWLRQDO MRXUQDORI IDWLJXH
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